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In the article two finite difference schemes for the 1D poroelasticity equations (Biot model) with discontin-
uous coefficients are derived, analyzed, and numerically tested. A recent discretization [Gaspar et al., Appl
Numer Math 44 (2003), 487-506] of these equations with constant coefficients on a staggered grid is used
as a basis. Special attention is given to the interfaces and as a result a scheme with harmonic averaging of
the coefficients is derived. Convergence rate of O(h*?) in a discrete H'-norm for both the pressure and
the displacement is established in the case of an arbitrary position of the interface. Further, rate of O (h?) is
proven for the case when the interface coincides with a grid node. Following an approach applied to second-
order elliptic equations in [Ewing et al., STAM J Sci Comp 23(4) (2001), 1334-1350] we derive a modified
and more accurate discretization that gives second-order convergence of the fluid velocity and the stress of
the solid. Finally, numerical experiments of model problems that confirm the theoretical considerations are
presented. © 2006 Wiley Periodicals, Inc. Numer Methods Partial Differential Eq 23: 652-671, 2007

Keywords: finite differences; harmonic averaging; poroelasticity; multilayered media; interface problem;
error analysis

1. INTRODUCTION

The classical Biot model treats consolidation of linearly elastic porous solid in a bounded domain
Q C R? with boundary I, which is either fully saturated by a slightly compressible fluid, or is
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almost saturated with incompressible fluid. The fluid pressure p(x, ) and the displacement of the

mediau = (uy,...,uy) satisty the following system:
—V.-0 +aVp =h(x,1), @))
d k
5 (PBp+aV )=V ;VP = f(x,1), 2

consisting of the equilibrium equation for the momentum and the diffusion equation for the Darcy
flow. Here ¢ is the porosity, B is compressibility of the fluid, k > 0 is the permeability, and 7 the
viscosity of the fluid as a measure of the Darcy flow corresponding to a pressure gradient. The term
aV p in the first equation results from the additional stress of the fluid pressure within the struc-
ture and o'V - u in the second equation represents the additional fluid content due to local volume
change. Constant «, called Biot’s constant, accounts for the deformability of the grains of the
porous material. Further we assume that the granular material itself is incompressible, which
results in « = 1. Stress tensor & = o (u) in the first equation is a symmetric d x d tensor
with components o,;, i, j = 1,...,d, which is related to the small strain tensor £ = e(u) with
components &;; = %(8ui/8xj + du;/0x;), i,j = 1,...,d via the linear stress-strain relations
(Hook’s law) o;; = 2ue;; + AV -ud;;, i,j = 1,...,d. Here u = p(x) > 0 (shear moduli)
and A = A(x) > 0 (dilation moduli) are the Lamé coefficients of the elastic media (in general
piecewise smooth functions, e.g., piecewise constants). Above V - o denotes a vector with ith
component Zj:l d0;;/dx;. This system is supplied with relevant boundary conditions that have
clear physical meaning. For example, the pressure p = g could be prescribed on part of the
boundary I', and “no-flow” condition £V p - n = 0 on the rest of the boundary I'y. Here n is the
unit normal vector to I', pointing outside the domain €2. For the displacement we may haveu = 0
on 'y and ¢ - n = g on I, that corresponds to the case when the elastic body is clamped on I'y
and have prescribed traction force on I';.

This system is remarkable in many respects. First, it is a good approximation of a physical
process for which the deformations vary sufficiently slowly so that the inertia effects are neg-
ligible. Second, it is a reasonable simplification of more general system of partially saturated
porous media of barotropic fluids with density p = p(p), a model that involves as an additional
variable the saturation S and one additional equation. This and other models are important tools
in simulations of flow in porous media and have numerous engineering applications.

The Biot model [1] (see also [2,3] and references therein) describes well a class of fluid flows
in deformable porous media, which is of interest for geosciences, bioscience, and engineering.
Analysis of the well-posedness, uniqueness, and existence of the solution of this problem can be
found, for example, in [4].

Solutions of Biot system in closed form is available only in very special cases see, e.g. [5, 6].
Therefore, numerical methods are commonly used for solving the respective initial-boundary
value problem. The finite element method is preferred in many cases, especially when dealing
with complex domains or adaptive grids (see, e.g., [3,7, 8]). However, often solutions generated
by finite elements and finite differences on collocated grids exhibit nonphysical oscillations at
the early stages of the time stepping (i.e., close to the initial state). To avoid this difficulty certain
discretization on staggered grid have been suggested and theoretically analyzed in [9, 10] in the
case when the coefficients of the poroelasticity system are smooth. The situation is quite com-
plicated when the coefficients have discontinuities along material interfaces, e.g., multilayered
porous media, especially when it is essential to capture accurately the solution near the interface.

A finite difference scheme for multilayered porous domain has been developed in [11] and a
number of numerical experiments have been presented and discussed. The scheme in [11] uses

Numerical Methods for Partial Differential Equations DOI 10.1002/num



654 EWING ET AL.

staggered grids for the pressure p and the displacement u# and approximation of the fluxes and
stresses with harmonic averaging of the coefficients. Such an approach for second-order elliptic
equations has been developed in the 1960s by Samarskii and is summarized in his monograph
[12, Chapter 3]. One of the goals of this article is to analyze the schemes from [11] in the case
of discontinuous coefficients. In Section 4 we show O (h*/?)-rate of convergence in an operator
norm equivalent to the “energy norm” for arbitrary locations of the interfaces and O (h?)-rate,
when the interfaces coincide with grid nodes associated with displacements. Further, following
the approach developed earlier in [13] for a scalar elliptic equation with discontinuous coeffi-
cients, we derive a modified and more accurate variant of this scheme (called modified scheme
with harmonic averaging of the coefficients).

The remainder of the article is organized as follows. The Biot model, describing poroelasticity
of a multilayered porous media, and its finite difference discretization are presented in Section 2.
Section 3 is devoted to convergence analysis of the scheme using harmonic averaging. Since the
proofs are very technical, we have moved them to an Appendix. Section 4 contains derivation of
modified finite volume difference schemes that use the equations to improve the approximation
near the interface. Finally, in Section 5 numerical experiments on several model problems are
given and some conclusions are drawn.

2. PROBLEM FORMULATION AND ITS FINITE DIFFERENCE APPROXIMATION

2.1. Continuous Problem

In this article we consider an one-dimensional (1D) Biot model (1), (2) with discontinuous coeffi-
cients. We assume no external bulk forces are acting on the porous media so that the first equation is
homogeneous, i.e., i (x,t) = 0. For the full formulation of the problem with boundary conditions
and a special choice of the initial conditions, we refer to [9].

First we introduce dimensionless dependent and independent functions by using the character-
istic length, and reference values for the permeability, Lamé coefficients, etc. (see, e.g., [9]). Our
focus is on the accurate treatment of the interface condition. In order to simplify the exposition
we shall assume that the coefficients are discontinuous at just one interface point ¢ € (0, 1). Thus,
we consider the following 1D variant of (1), (2):

9 ([ 0 9
——(u“)+£=a xe(0,1), 1e(,T]

0x ax 0x
a du a ap
— — |- —[k— ) = 1 T
a7 (ap—i— Bx) ™ (k 8x> fx, 1), xe€(,1), te(0,T],
0
v _0,  p=0, ifx=0, rel0,Tl,
0x
ap .
u=020, k— =0, if x=1, te][0,T],
0x
u .
ap+— =1, if t =0, x € (0,1),
0x
du ap
[u] =0, v—|[=0, [p]=0, k— | =0, for x =¢, te€l0,T]. 3)
0x 0x
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So-called consistent initial conditions are used at ¢t = 0 above (for more details see discussion and
references in [9]). Here [ g] denotes the jump g at the interface point . Also, we have used the nota-
tions for the dimensionless coefficients v(x) = (A + 2u1) /(Ao + 210), a(x) = ¢B (Ao +2140), and
k(x) replaced by k(x)/ko, where Ao, 1o, and kq are some reference values. Further, to distinguish
the possible discontinuity of the coefficients at x = ¢, we use the notations

(o) = {m(x) x <, () = {al(x) x <, k) = ki(x) x<¢, @
nx) x>, a(x) x>¢, kh(x) x>¢.

2.2. Grids and Notations for Finite Differences and Discrete Norms
We split the interval (0, 1) into N > 1 equal subintervals of size h = 2/(2N — 1). We use two
different spatial grids (so-called staggered grids), , to discretize the pressure equation, and @,
to discretize the displacement equation, and a grid in time ¢ with a step-size t:
w,=1{x;: x;,=ih,i=0,...,N -1}, w,={x€w,, i=1...,N—1},
w,=1{&:&=x;,—05h,i=1,...,N}, w, = €ew,,i=1,...,N—1},
CL)TZ{tj IJZJT,J=1,2,,M} (5)
One may look at these meshes as designed to represent the values of the pressure p at the grid

points x; € @, and the values of the displacement u at the midpoints §; € @, of the subintervals
(xi_1,x;) (see Fig. 1). The position of the interface ¢ could be represented in the form

¢ =§,+0h, (6)

where 0 < n < N is anintegerand 0 < 6 < 1.
Now we shall introduce the following shorthand notations for discrete functions defined on
w, x wr and w, X wr, respectively:

wi=ul = ”,j =u(&, 1)), pi=p = P;'j = p(xi,15),

v oi=ov/ T 4+ (1 — o)/, D= v/t
L
t: X2 X & X X— o X & X

S X S % Tnt o *

FIG. 1. Meshes: o, mesh points of w,; X, mesh points of w,,.
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We introduce Hilbert space Hg, of discrete functions p = (py, p1, . .., py—1) defined on the grid
w, and Hilbert space H;, of functions u = (u, u», .. .,uy) defined on the grid w, . The respective
inner products and norms in these spaces are

N—1 N
(P @a, = D hpigis 1Plla, = (P P)ays W), = D huviy  ulls, = (w,u)g,.
i=0 i=1

We also introduce Hilbert spaces H,, and H,, of grid functions p = (p1, p2,..., py—1) and
u = (U, uy,...,uy_;)defined on the grids w, and w,, respectively, with following inner products
and norms:

N-1 N—1
P Doy = Y _hpitis  1Ploy, = (0, P)LS W00, = Y huivy,  ully, = ()2,
i=1 i=1

Further, we shall use the standard notation for the first-order backward and forward finite
differences on a uniform mesh (see, e.g., [12]):

Dy = pri = (p(xiz1) — p(x:))/h, Di = pzi = (p(x;) — p(xi=1))/h.

Inspecting these expressions, we see that they represent central differences with respect to the
points in w,, and therefore we can consider them as quantities defined on the mesh w, . In a similar
way we define

=ty = U(Eip1) — u(€))/h, g i=uz; = &) —u&i-1))/h,

which represent central differences with respect to the points in w, and could be considered as
quantities defined on the mesh w,. Finally, we define the finite differences in time

, - ,
u i=ul =u, (&) = Wl —ul)/T, & € w,,

pii=pli=pit) = (! = phjr, xi e w,.

2.3. Finite Difference Scheme

We approximate the differential problem (3) by finite volume method. We integrate the first
equation over each interval (x;_y, x;) and the second equation on (&;,&;.). To approximate the
quantities W (x;) := v(du/dx)(x;) and V(&) := —k(dp/dx)(&;) we look at W(x) and V (x) as
new dependent “flux” variables solve for du/dx and dp/dx and integrate over the meshes w,
and w, to get the harmonic averaging of v and k expressed in (8). For more details we refer to
[12, Chapter 3, pp 150-155] or [13]. Then choosing an implicit discretization in time we get
the following finite difference scheme for the discrete approximate solution u = ul’ at point
(&,1;) € w, X wr and p = p] at grid point (x;,1;) € w, X wr:

LN ~ .
_Eux—'_pizo’ 52519 I €wr (l'e'lzl)’

_(va)f)x—i_ﬁi:O’ EZSI ewu\{gl}, 1 €wr (i'e'i:23--~’N_1)3
(ap +uy); — (kpd)e = 7, x =xi € wp\{xy_1}, tewr (ei=1,...,N—2),
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k
(ap"i_ux)t_zp;:fa? X = XN-1, tewr (ie.i=N-1),
po=0, uy =0, t € wr,
ap+u, =1, X =X; € Wp, t=0, (@(ei=1,...,N—1), @)

where

-1
oy (LA T (L dx
b= (x,-)—(h/& vm) R (&)-(hfx’__l km) : ®)

1 [+l 1 [+t
a=alx) =+ / a@dr, fiy=- | fendx. 9)

& &

2.4. Operator Form of the Difference Scheme

First we define the discrete divergence operator D

N-2
D: H,, — Hyy: (Du,pla, = 3 ((Ea) — u(E))p() — ulEn—1)pGiy-1),

i=1

VYu € H,,,Vp € H,,

and the discrete gradient operator G

N-1

G:H,, > H,, :(Gp,u),, = plx)u(§)+ Z(p(xi) —pxi-)u(&), VpeH,,,Vu € H,,.
i=2

The right-hand sides give rise to bilinear forms on the spaces of discrete functions and define
linear operators, which could be expressed in a component form as

Ui = W€ip1) —u(€))/h, for i=1,...,N =2,

. (10
—u(Ey_1)/h, fori =N — 1.

Xi € wy: (Du); = (Du)(x;) = {

. o N p(x))/h, fori =1,
Si cw, (GP): = (GP)(Sr) - {px,i = (p(xl) _ P(Xi—l))/h, for i=2,....N —1. (11)

Using summation by parts one can easily show that for any discrete functions u € H,,, p € H,,,
operators G and D are adjoint to each other in the following sense (Gp,u),, = —(p, Du),,.

We also introduce operators that represent multiplication by a scalar grid functions a, v, and
k defined by (8) and (9) in the spaces H,, and H,,:

Q:H,, —> H,,: a€H,, (Op.9)., =(p.q)w, Vp.q € H,,,
N:H,, — H,,: veH,, (Np,Q)o,=0p,q9)w, Yp.q €H,,,
K:H, — H,,: ke H,,, (Ku,v),, = (ku,v),,, VYu,veH,,.
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Finally, we introduce the operators A and B:
A:H, — H,: A=-GND, and B:pr—>pr: B =—-DKG.

It is obvious from the definition that that the operators A and B are self-adjoint and positive
definite in the inner products of the spaces H,, and H,,,, respectively, and therefore they define
new (energy) norms:

)1/2

bj[) °

lulls = @,w)* = Au,w?, lpls = (p.p)§* = (Bp,p

The discrete operators defined above are invertible, the inverse operators are also self-adjoint and
positive definite, and thus they define norms. For the further analysis we will need some properties
of the operators and operator norms introduced above. These properties are given in the following
lemma.

Lemma 2.1. Foranyv € H,, and q € H,,, we have

DVlle, < cullvlla, 1Gqlis-1 = cullgllo,
1Gq e, < ckllglis, [Dvllg-1 = ckllvlle,
11w, < ~2¢cligllz 0]l < V26, [0]14, 12)

where ¢, = (minxewp{v(x)})_l/2 and ¢y = (minxewp{k(x)})_l/z.

Proof. The proof of these inequalities follows form the definition of the operators D, G, A,
and B. By the definition of the A-norm of v € H,, we have

||v||i = (Av,v),, = (—GNDv,v),, = (NDU,DU)L/])2 > nelin{v(x)}(Dv,Dv)wp,
X a)p

which proves the first inequality. The other inequalities are obtained in the same manner. Note
that the last two inequalities follow easily from the above consideration and the discrete analogs
of Poincare inequality (see, e.g., [12, p. 110-114]): ||q||§)p <2(Gp,Gp)y,- ]

Using the above notations, we can write difference scheme (7) in an operator form: find
w'*' e H,, and p’*' € H,, such that

AT+ Gpt =0, j=0,1,....M—1,
(Qp’ +Du’), +Bp” = f°,  j=0,1,....M—1,
op° + Du’ =1, j=0. (13)
For smooth coefficients (e.g., single layered porous media), second-order convergence in operator

norms is proven in [9]. In this article we give a theoretical analysis of the convergence rate of the
difference scheme (13) in the case of discontinuous coefficients.

Remark 2.1. From the above derivation of the scheme and the proofs of various estimates we
easily see that the proposed approximations are easily extended to multidimensional rectangular
grids and problems with interfaces that are parallel to the grid lines.
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3. ANALYSIS OF THE SCHEME WITH HARMONIC AVERAGING
OF THE COEFFICIENTS
3.1. Stability of the Finite Difference Scheme

Studying the scheme for problem with discontinuous coefficients will be done in the framework
of the operator theory of finite difference schemes (see, e.g., [12, 14]). The following proposition,
is a straightforward reformulation of the similar proposition from [9], establishes the stability of
the scheme will be used throughout this article for deriving a priori error estimates.

Proposition 3.1. If o > 0.5, then the solution of the difference scheme (13) satisfies the
following relation for any j > 0:

A ) ) . T
1P < I+ 1P + S 11 (19

Now we introduce the error in the displacement and the pressure:

Zx) =u/(x) — u(x,t;), x€aw, and rix) = pl(x) — p(x,t;), X € w,p.
Obviously, the error functions z and r satisfy r({ =, zf;,ﬂ = 0 and solve the following finite

difference problem:

AT G =yt =01 M-,
(Qr' + D), +Br° =y, j=01,... . M—1
Qro + DZO = wg’ (15)

where the discrete functions v/{ e H,, and wzj e H,, are approximation (local truncation)
errors for the first and second equations, respectively.

Lemma 3.1. The following presentation of the local truncation error is valid:

=6t *'eH,,. mneH,, (16)
with nlt' = 0" () = vaullh — v 2 (x,1540), and
S =pnl+y". ¥t eH,,, meH,, (17)
where
. . Y ; dp du
775(5:‘) = Tlé,i = (kiP;,l- - M,],,') - <ka - E) i titos), (18)

§it1

1

P —ap ——/&Hi(a (atosdx — (f7 =+
3 = zpi,z . 9 P\X,Tjt05 i h

h f(xatj+0.5)dx>- (19)

&

Proof. The above representation of the truncation error follows easily from the correspond-
ing “balance” equations. Namely, we take the first equation (3) for t = ¢;;, and integrate over
one interval of the mesh w,. Similarly, we take the second equation (3) at t = ;. (95, and integrate
over one cell of the mesh w,. As a result we get (16), (17), (18), and (19). [
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If the coefficients of the problem are smooth, it is easy to show that wlj and 1//2" are O (h*+1"),
where m, = 1 if 0 # 0.5 and m, = 2 if ¢ = 0.5. Thus, error estimate follows easily from the
stability of the scheme. In the case of interfaces the situation needs more refined analysis. Below,
we shall present two cases, arbitrary location of the interface position with respect to grid points
and interface at a grid point.

3.2. Error Estimate for an Arbitrary Position of the Interface

In this case the parameter 6 in ¢ = &, 4+ 6h can take any value between 0 and 1. Namely, we
prove the following.

Proposition 3.2.  Assume that the solution u(x,t) and p(x,t) of the problem (3) is sufficiently
smooth for t > 0 in each of the subintervals (0,¢) and (¢, 1) and u® and p° are O (h*/*) approx-
imations of u(x,0) and p(x,0), respectively. Then the finite difference scheme (13) is convergent
and the following a priori error estimate holds:

Ip! = Py, + 0 = u@)lla < CH2 4", (20)
with a constant C independent of h and t, m, = 1 ifo > 0.5, and m, =2 ifo = 0.5.

The proof of the above estimate is quite technical and is done in several steps. In order to
improved the readability of the article and to stress on the main results we have moved the proof
of this proposition to the Appendix. The same strategy we use for Proposition 3.3.

3.3. Error Estimate When the Interface is a Grid Node in o,

The results from the previous subsection are valid for an interface position, independently of its
location with respect to grid points. A better estimate can be obtained in the particular case when
the interface coincides with a node of the grid w,, i.e., { = &, and 6, defined in (6), is zero.

Proposition 3.3.  Assume that the solution u(x,t) and p(x,t) of the problem (3) is sufficiently
smooth for t > 0 in each of the subintervals (0,¢) and (¢, 1) and u® and p° are O (h?) approx-
imations of u(x,0) and p(x,0) respectively, and assume that ¢ = &,. Then the finite difference
scheme (13) is convergent and the following a priori error estimate holds true:

Ip" = P, + lu? —u@)lls < C(B* + 1), 1)

with a constant C independent of h and t, m, = 1 ifo > 0.5and m, =2 ifo = 0.5.

4. MODIFIED FINITE VOLUME APPROXIMATIONS

Now we will derive two modifications of the scheme, which will allow us to achieve better
approximation for both W = vo,u and V = —ka, p. Recall, that W(x,¢) in the scheme (7) is
approximated by w at the grid points w, and V (x, t) by v, at the grid points @,, where

weHa,p:szDuforueku, and veku:vz—Kprorpepr. (22)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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4.1. Finite Difference Scheme with an Improved Approximation of the Stress

Suppose now that interface position coincides with one of the points w,, i.e., { = x,,1 <n <
N — 1, x, € w,. To simplify the exposition we shall assume here that k and v are piecewise
constant functions.

Consider the approximation of the flux W (x, ¢) using harmonic averaging of the coefficient v
at the interface point x,:

w, = vf—unﬂ — u", where vf = i, .
h v+
Now expand u,, and u,, around x,:
(¢ —=0,1) h(a )+ h2(3 )" : (Oyeett)™ + O (R (23)
U, = — Y, — S0y —(0xx U — = (OxxxU s
ui¢ 2T g 48
h N h2 . h3 . 4
Upt1 = M(é‘ + Oat) + E(axu) + g(axxu) + R(axxxu) + O(h )a (24)

where we have denoted by (3,u)~ = d,u(¢ — 0,1), by (0., u)™ = 3, u( +0,1), etc.
Now we substitute expansions (23) and (24) into the expression for w, and recall that
u@ —0,t) =u +0,1)

w, = (V1 (B,u)™ 4+ V2 (8,u) ™)
v+ v
h
+ ———— W1 (3 (13, u) T — 12 (0 (113,u)) ) + O(h%).  (25)
4(v + 1)
Next, we use the stress continuity vy (d,u)~ = v,(d,u)™ = W and rewrite (25) as

— h + - 2
w, = W(x,, 1) + 0 T o) W1 @:W)" =10 W)7) + O ("),

from where we get the following approximation for W (x,, t):

hv (0, W)T — 1, (0, W)™
By = oy — 2O =W gy 4o, (26)
4 Vi + %))

Now taking limits in the first equation of (3) from left and right to the interface we get
0, W)™ = (0:p)~, @.W)" = @.p)"

and we rewrite the expression (26) in the form

(1 @) = 1208, p)7). 27)

11)” = VHan - = <

C A+ )
Using the continuity of the fluid velocity k;(d,p)~ = k,(d,p)t = —V, and approximating
derivatives (9, p)~ and (3, p)* with finite differences p:, and psx ., respectively, we obtain the
following approximations of the flux

P b L— 2

~ | H 1 ky ki ~2 H 2 ky ky

W, =V, Ugpi1 —h— D> W, =V, Ugpp1 —h— Dxntl- (28)
" " 4 V| + vy " " 4 Vi + vy

Note that ! = W (x,,7) + O(h?) and @2 = W (x,.1) + O(h?).
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The above discussion results in the following modifications of the scheme (13):
At + KGp't' =0, j=01...,M—1,
(p’ + Du’), + Bp® = f°, j=0,1,....M —1,
op’+ Du’ =1, j=0, (29)

where the operator K : H,, — H,, is defined as

u;, fori #n,n+1,
V1 \)2
i AW i —
(Ku); = <1 R ) e fort = 30)
vp_»n
 BE ;
(128w fori=nn

Obviously, the difference between the modified scheme (29) and the scheme (13) is in the approx-
imation of the flux W (x,t) at the interface point x,. As a consequence, the approximation of the
first equation of the system (3) has changed in the two neighboring to the interface points, &, and
&,+1. The modified scheme provides a second-order of approximation for both stress and velocity
when the interface position coincides with point x,,.

Remark 4.1. The modified scheme is derived supposing that the O (k) reminder term in (25) is
dominating the error. One can easily see from (28), that the above modifications give no improve-
ment in the case when the parameters of the media are such that vik; = v,k,, and they give
negligibly small improvement when the following inequalities hold:

ky
1 V23, —

Z v+ vy

ky
1V2— Vlg

- k 1,
4 v+, <

< L €29

4.2. Finite Difference Scheme with Improved Approximation of the Velocity

If the interface position coincides with one of the grid points of w,, i.e. { = §&,, where
1 < n < N — 1 is some integer, another modification of the scheme (13) can be derived.
Analogously to the previous section, we modify expressions, approximating the flux V (x, #) near
the interface by

ﬁn = _kaYn - L<k1f+ - ka_ - kZ(alpnfl + uxnfl)f + kl <a2pnl + ﬂM)(nl) )
n ) 4(](1 +k2) n n p b, .
or
i}n = _k;{_lpfn - L <klfn+ - ka;,_ - k2 (alpn + Eux n) + kl(“an + uxn)t) .
| 4(ky + k») v T/, ’

According to these modified expressions for the flux, the equations of the (13) are changed just
at the points i = n — 1 and i = n so that the operator form of the modified scheme now is

At 4 Gptt =0,  j=0,1,....M—1,
(Op’ + NDu'), + Bp® = f°,  j=0,1,....,M—1,
op’ 4+ Du’ =1, j=0. (32)
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The operators A, G, B, and D were introduced above, Q :H,, > H,, and N :H, , — H,, are
defined as

a p;, fori=1,...,n—2,
. (6114-}1%)]%, fori =n—1,
(er: = | by . (33)
<a2 ~ i Th 1) pi> fori =n,
a; pi, fori=n+1,...,N — 1,
qi, fori #n— 1,n,
ki _ky
vy v ) — N
(NQ)[ _ (l + 3 T ) qi, fori =n—1, (34)
ky _k
<1+%:‘1+kvj)qi, fori = n,
and the modified right hand side f is
fi» fori #n—1,n,
- 4 - .
fi = ﬁ—i—i%, fori=n—1, (35)

£t kS ko for
1

T fori = n.

Note that the operators Q and N are positive. One can develop a similar theory as above and
show that the scheme is well posed and gives O (h?) convergence rate in energy norm. We shall
not elaborate further on this matter.

Remark 4.2. One can easily see that these modifications give no improvement when
kia, = kyay, kivi = kv, kiff =k f,.

In this case the correction terms in corresponding expressions are zero and the scheme is identical
to the initial one.

5. NUMERICAL EXPERIMENTS

In this section first we present results of numerical experiments, based on the scheme (7), and com-
pute the order of convergence for all unknowns. Then, in four examples we show the numerical
results for the stresses, calculated with the scheme (7) and the modified scheme (29).

Example 1. In this test the numerical solution is compared to the known exact solution and
the relative error in discrete L,- and discrete maximum norm (C-norm; see Fig. 2) are calculated:

> hlw (xg, 1) — witP| max |w* (x;,1;) — w;"”|
Xj €y Xj€Ewy
lewlle, = llewlle =
2 max |we (x;, ;)] ’ max |we (x;, ;)|
wy Xj €Wy

Here w** and w*? stand for the exact and numerical solutions, respectively,and w = {u, p, V, W}.
We take o = 0.5 so that the scheme has second-order accuracy in time.
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FIG.2. Example 1: errors for pressure and displacement (left) and velocity and stress (right). [Color figure
can be viewed in the online issue, which is available at www.interscience.wiley.com.]

Here we choose

1 107
v =1, v, = tan (E) tan <T> /(8m) ~ 0.0058,

1 107
k=1, ky=1/|8xtan| — )Jtan [ — ~ 0.275,
12 3

a=0,a,=0 and f(x,t) =0.

The position of the interface is at { = é Then an exact solution of the problem (3) with a different
initial conditions is

cos (12%) sin(0.5x)e =02, x<l,
px,t)y =4 ° o 1

sin () cos(4m (1 — x))e~0>", x> L

—2cos (12%) cos(0.5x)e =0, x<
u(x’t) = 2cos( 15

_tan(g(:):;; sin (y3) sin(dm (1 — x))e™>, x> g

This solution satisfies interface conditions from (3). The initial conditions are calculated from
the above formulae at + = 0. Analytical expressions for the fluid velocity and for the stress of

TABLE I. Example 1: convergence in L,-norm at the time ¢t = 0.1.

h=r1 ez, Ratio lepllz, Ratio levllz, Ratio lewllz, Ratio

1710 0.222E—-02 — 0.155E+-00 — 0.130E+-00 — 0.739E—01 —
1/40 0.508E—03 44  0.243E-01 6.4  0.153E-01 8.5 0.106E—01 7.0
1/160 0.368E—04 13.8  0.105E-02  23.1 0.789E—03 194  0.488E—03 21.7
1/640 0.222E—05 16.6  0.634E—04 16.6  0.639E—04 12.3 0.298E—04 16.4
172560  0.137E—06 162 0.393E-05 16.1 0.657E—05 9.7  0.185E—-05 16.1
Rate — 2.0 — 2.0 — 1.6 — 2.0
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TABLE II. Example 1: convergence in L,-norm at the time r = 1.

h=rt lleullr, Ratio lleplle, Ratio llevile, Ratio llewllr, Ratio

1/10 0.276E—-01 — 0.559E—-01 — 0.737E—-01 — 0.273E-01 —
1/40 0.178E—02 15.5 0.248E—02 225 0.399E—02 18.5 0.156E—02 17.5
1/160 0.107E—-03 16.6  0.157E-03 15.8 0.248E—-03 16.1 0.973E—-04 16.0
1/640 0.662E—05 16.1 0.977E—-05 16.1 0.159E—04 15.6  0.607E—05 16.0
1/2560  0.413E—-06 16.1 0.610E—06 16.0  0.110E-05 14.5 0.379E—-06 16.0
Rate — 2.0 — 2.0 — 1.9 — 2.0

the solid are calculated from the Darcy law V(x,t) = —k[dp(x,t)]/0x and the stress-strain
relationship W (x, t) = v[du(x,)]/dx, respectively. The resulting formulas are as follows:

cos (1) cos(0.5x)e 02, x <4,
Vix,t) = cos(ﬁ . 1\ in(dsr(] —0.25¢ 1
W sin (15) sin(4 (1 — x))e , x>,
107\ o3 —0.25¢ 1
cos (=) sin(0.5x)e R x <,
W = (‘%) 6
sin (55 ) cos(4m (1 — x))e ™02, x> ¢

Convergence results are summarized in Tables I-IV. Note, that the mesh size & is decreased
in a way, preserving a constant value for the parameter 6 in the expression ¢ = x,,_os + 6h. The
convergence results are given for two time moments, t = 0.1 and ¢+ = 1.0. The rate of convergence
is presented in each table in the last line and is calculated according to the following formula:

legll

rate = % (36)
1
5y
where €, are €, are errors, calculated for grids with step-sizes h; = 1/640 and h, = 1/2560,

respectively.

Our first observation is that there is no substantial change in the errors monitored at time
moments t+ = 0.1 and ¢+ = 1.0. The existing theoretical error estimates for this problem (see,
e.g., [9] for the case of continuous coefficients), predict some increase of the error in time. Our
computations show that the theoretical estimates are overestimating the error.

Our second observation is that the displacement, the pressure, and the stress converge with
second-order in time and in space both in L,- and in maximum norms. The fluid velocity con-
verges with second-order in L,-norm and with first order in maximum norm. On very coarse
grids velocity converges with higher than first order in maximum norm, a possible reason is that
these grids are far from the asymptotic regime. It is known that the space or time truncation error

TABLE III. Example 1: convergence in maximum norm at the time r = 0.1.

h=rt ll€wlle Ratio lleplle Ratio llevlle Ratio llew|le Ratio

1710 0.518E—02 — 0.226E+-00 — 0.322E+-00 — 0.196E+-00 —

1/40 0.306E—02 169  0.304E—-01 74  0.833E-01 39 0.273E-01 7.2
1/160 0.337E—-03 9.1 0.139E—-02 219  0470E—-02 177 0.114E-02 239
1/640 0.224E—-04 150  0.841E—-04 16.5 0.107E—-02 44  0.712E-04 16.0
172560  0.142E—05 15.8 0.522E—-05 16.1 0.262E—-03 4.1 0.442E—05 16.1
Rate — 2.0 — 2.0 — 1.0 — 2.0
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TABLE IV. Example 1: convergence in maximum norm at the time r = 1.

h=rt lleulle Ratio lleplle Ratio llev|le Ratio llewlle Ratio

1/10 0.645E—01 — 0.963E—01 — 0.145E4-00 — 0.581E—-01 —
1/40 0.620E—02 10.7  0481E-02 200 0.619E-02 234  0.277E-02 21.0
17160 0.382E—-03 162  0.284E—-03 169  0.387E—03 16.0  0.151E-03 18.3
1/640 0.238E—04 16.1 0.174E—04 16.3 0.832E—04 4.7  0913E-05 16.5
172560  0.148E—05 16.1 0.108E—05 16.1 0.210E—04 4.0  0.566E—06 16.1
Rate — 2.0 — 2.0 — 1.0 — 2.0

terms could dominate and thus could govern the error, depending on the set of space and time
discretization parameters used. Tables I-IV also illustrate such a behavior: on the coarse grids
the space discretization governs the error for the velocity, while on the finer meshes the time
discretization error dominates.

Further, on Figs. 3—5 we compare the stress calculated with the schemes (7) and (29) for three
examples. The aim is to illustrate the accuracy of the modified scheme for different sets of the
parameters. Solid lines in these figures represent the exact solution obtained on a very fine mesh
by the scheme (7). Note that on such grids both schemes, the basic and the modified, give very
similar results, which are not distinguishable on these pictures. The advantage of the modified
scheme becomes more evident on coarser grids.

Example 2. Input data for this test are as follows: { = % v, = 1.0, v, = 50.0, k;, = 1.0,
k, = 0.5, a = 0. Comparison results at the time ¢+ = 0.05 are shown in Fig. 3. We see that
coarse grid solutions calculated with both schemes differ from the fine grid solution; however,
the modified scheme provides a better approximation.

Example 3. In this experiment we choose following input parameters: { = %, v = 1.0,
v, = 0.01, k; = 1.0, k, = 0.1, a = 0, r = 1.0. Figure 4 shows that the modified scheme gives

o1
0z
0.3
nat s 4
= 05
06
07 - 1
0s

vary fine grid
standard schama
improved schema 1

0.5

1 L L 1 L 1 I L J
=3 -0.85 -0.a —0.BS 08 -0.75 -0.7 -0.65 06 -0.55 0.5
i)

FIG. 3. The stress for Example 2. [Color figure can be viewed in the online issue, which is available at
www.interscience.wiley.com.]
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FIG. 4. The stress for Example 3. [Color figure can be viewed in the online issue, which is available at
www.interscience.wiley.com.]

very good approximation to the solution even on relatively coarse grids, which is not the case for
the standard (not modified) scheme.

Exampled4. Here wetake( = %,vl =10,v,=0.1,k; =1.0,k, =9.0,a =0,t = 0.1. For
these parameters the both schemes give almost identical results (see Fig. 5) that is in accordance
with Remark 4.1.

02 1

0.3 " .

0.4 i 1
* 05 . <4

oG- ! 1

[ g 4

o8- ¥
wery line grid

aar = slandard scheme
improved scheme 1

1 L
-1 -0.5 0
a(x.1)

FIG. 5. The stress for Example 4. [Color figure can be viewed in the online issue, which is available at
www.interscience.wiley.com.]
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6. APPENDIX

Proof of Proposition 3.2. The first step will be to establish estimates for the errors z and r,
introduced in (15). For any fixed j we split displacement error z = z/ in the following way:

z =21+ 22, where Az, = Y. (37)
Then using this and the equation Az;, = V¥, we get

lzilla = Y1l a1, and lz1lla = CllYrilla-1- (38)

Since the approximation error ir; can be represented in a form (16), from Lemma 2.1 we have
[¥1lla-1 < cvllmill,- Using Taylor expansion we easily see that n;; = O (h?) for all i # n, and
Ma = O(h), 50 ||nill,, = O(h*?). Similar estimates are valid for the discrete time derivatives
of . Hence, from (38) it follows

lzilla < I¥nlla = OGY)  and  Nzilla < ClliYllar = OB, (39)
Consider now the problems for r/ and zé

AT 4 Grit =0, j=0,1,....,M —1,
(Qr/ +Dz) +Br° =y3" =Dz, j=01....M—1 (40)

If o > 0.5, it follows from (14):

Jj
P T e e T s % > (v o + 122 ),
k=0
j=0,...,M—1. (41)

Consider local truncation error ¥,. It can be represented in the form (17), (18), where for 6 < 0.5

mi=OMm +1") if i #n,
N = O(h+1") if i =n,

and for 6 > 0.5

M = O(h* +1t") if i #n+1,
N = O +1") ifi=n+1.
Furthermore, from (19) one can see that lh = O(h® + t"0). _ _
Then the estimate [|Y2],, < V2¢i |Vl of Lemma 2.1 produces ||| 51 < ﬁck”‘ﬁzﬂwp
and taking into account the estimates for 7, and ¥, we get

12l < V26 (12llo, + 12ll0,) = O™ + ). (42)
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Next, apply the inequalities of Lemma 2.1 get | Dz, || g-1 < 2ckc, |21, 4. Further, recall (39) to
so that

IDz1,ll5-1 < ORY?) (43)

and after substitution of (43) into (41) we obtain

J J
[ 1+ 1 = 0 + 10 + 5 Y (nw s+ Y1k, ||il) -

k=0 k=0

Finally, since (39) and (42) are valid, from (44) we conclude that ||z2[|4 + ||7]l o = O (h¥*+1™7).
Since the operator Q is essentially a multiplication by a diagonal matrix, it follows |r|l,, =
O (h*"* +1"). Furthermore, using (39) we have ||z]l4 < [lzilla+lIz2lla = O (B> +1"7). So, we

proved convergence of the pressure in the discrete L,-norm and convergence of the displacement
in A-norm. ]

Proof of Proposition 3.3. Consider the local truncation error of the first equation of the sys-
tem. Since (16) is valid and since in the case when 8 = 0, n,; = O(h?) for all i, we have
1¥1lla-1 < Inillw, = O(h*). Thus, if we split z = z; + z,, where Az; = ¥, then we have

lzila < CliYnllar = OR?).

By taking into account the equation Az;, = ,, one gets in a similar manner the estimate
Iziilla < CliYi 41 = OR?).

Now we consider the local truncation error v,. As before, we split 1, ; into two parts according
to the formula (17) with ¥, = O(h* + ™). A better convergence rate can be obtained largely

due to the fact that for x = x; € w,

O(h? + ™) fori #n—1,n
(D) = { B2+ O(h + ") fori =n—1,
—21 4 O(h+ 1) fori = n,
where 1,, = O(h + ). This indicates that the local truncation error near the interface is

essentially O (1), but due to its particular form we can still prove second-order convergence.

We proceed in several steps. We first decouple the problem (40). Since A = —GN D, from the
first equation we have Dz, = N~!r. After substitution Dz, into the second equation of (40) we
obtain a problem for the pressure error r only:

(Q+ N"Yr,+ BrY =y, — Dzy,. 45

Note that Q + N~! is an operator with a diagonal matrix.
In order to get an optimal order error estimate we split the local truncation error near the
interface. Thus, we split Y, = ¥} + 3", where

Non/h, for i=n-1,
vy =3 —ma/h, for i=n, and 3 =00 +t")Vi. (46)
0, for i#n—1,n

Numerical Methods for Partial Differential Equations DOI 10.1002/num



670 EWING ET AL.

Based on this splitting we present the error for the pressure in the form » = r| 4 r,, where r; and
r, are solutions of the following problems, respectively

(Q + N"Yry, + Br{ =v;* — Dz, (47)
(Q+N"Yry, + Bry = ;. (48)
For o > 0.5 the solution of the problem (47) can be estimated as (see, e.g., [12])
J Jj
o X_,: tfus? = Del |, = Il + X_,: (s, + D1, )-

To estimate Dz;, we use Lemma 2.1 and the fact ||z;,[|4 = O (h?). Then combining all these we
get

[7*],, = ot + 7). (49)
@p

Consider now the problem (48). In view of (46) we can write down v¥; = (3),, where the grid
function n; is defined on @, as

0=0, i=0,...,n—=2,
M = VhYs . = Mo i=n-—1,
h(w;n—l_’_wzn):os l=n,,N—1

Using the identity r§ = r, +0tr,, and applying the operator B~' to (48), we rewrite this problem
as

(BQ+N"Y+0tE)r, +r, =B 'Yy;. (50)

Operators B! and N~! are positive definite, Q is non-negative, hence B~'(Q + N~!) is positive
definite, and for o > 0.5 the following inequality holds

B (Q+NY+otE>-E.

SRR

In this case we can write an estimate (see, e.g. [12]) for the solution of the problem (50):

J
I, = 18713, + 1873, + Dt B7vs) (5D

=1

@p
Here || B~y pr can be estimated as (see [12])

|75, < el n3Ds, = chinal = Oh), (52)

where c is a constant independent on discretization parameters.
It follows from (51): ”r2,+1 lo, = O (h* + t™9). Using this and (49) we get an estimate for the

pressure error

17wy < I71llw, 4 17210, = OB +7").
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To complete the proof, it remains to bound ||z, || 4. Multiplying the first equation of (40) by z,, we
obtain:

2211} = —(Gr.22)a
Taking into account that (Gr, z2),, = —(r, Dz2),, and then applying €-inequality and Lemma
2.1 we get
lz2l% < ellrl? +iIIDz I3, < elrll; +C—3IIZ I €>0
2la = 4e Hlop = 4e A ’

ﬂ)l) wl)

Choosing € properly we kick back the term ||7 |2 ,so that [|z2][4 = O (h® + ™). This yields

@p
lzlla < llzilla + llz2lla = O + 77)
and concludes the proof. ]

The authors are grateful to the anonymous reviewers for the remarks that helped to improve
the presentation. R. Lazarov thanks ITWM and Fraunhofer Society for the hospitality and the
financial support during his sabbatical leave when this work was completed.
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